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Discussion of Results
As a result of dynamic analysis, a good agreement between the

results of the theoretical analysis and the computer simulation
exists, as shown in Fig. 2. The adequacy of the investigation
outlined for preliminary design purposes attests to the system
synthesis.

The double integral case3 shown in Fig. 1 was investigated on a
similar basis. Since the gyro noise generally is not white,
Truncale, Koenigsberg, and Harris4 measured the noise power
spectrum for different kinds of existing gyros. Expressing the
measured data in appropriate theoretical form and calculating
the pointing error as a function of bandwidth, a compromise can
be made to select the gyro required for a given star tracker.
With reference to the results shown, the solutions are presented
only to indicate the general characteristics, i.e., mainly the
pointing error for a fixed stability criterion. A control system
design for a given sensor would most likely have different
characteristics because of other systems' nonlinearities. However,
for preliminary design purposes, a general statement pertaining
to the LST5 fine pointing error may be made for general-purpose
system synthesis, and the relations describing the governing
equations can be modified to other kinds of orbiting spacecraft.
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Nomenclature §
= control plate area, i = 1,2
= solar parameter, i — 1, 2
= [2/3(3)1/2]C-|3Xf sin^cos^J
= principal moments of inertia of the satellite
= inertia parameter, (lz — Iy)/Ix
= pericenter
— generalized force due to solar radiation pressure
= distance between the pericenter and the center of force
= inclination of the orbital plane with the ecliptic
= (3Kt cos 2\l/eY12, - n/4 <^e< n/4
= unit vector in the direction of the sun
= control vector
= solar radiation pressure
= principal body coordinates
— inertial coordinates
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*o> yo> zo — rotating coordinate system with x0 normal to the orbital
plane and y0 along the local vertical

6t = plate rotation, i = 1,2
st = distance between the center of pressure of control plate and

satellite center of mass, i = 1,2
6 = orbital angle
Qs> QJ. = switching time and final time, respectively
H = gravitational constant
£ = ct) + 0 + ̂  —tan~1(tan0cpsi)
p, T = reflectivity and transmissibility of plate surfaces, respec-

tively
([> — solar aspect angle
\l/t \l/e = pitch attitude and its nominal orientation, respectively
co = angle between the line of apsides and the line of nodes

Introduction

THE use of solar radiation pressure for attitude stabilization
of satellites has been a subject of considerable discussion.1 ~4

Its ability to provide libration damping and general three-axis
attitude control to gravity-oriented as well as spinning vehicles
has been clearly established.5'6 An experiment aboard Mariner
IV spacecraft, where solar pressure was used in conjunction with
active gyros, demonstrated the effectiveness of the controller in
practice.7 The feasibility of the concept being well established, the
next logical step would be to direct efforts at improving the
performance of the system through the implementation of
optimal control laws. As the energy required to operate the solar
control plates is quite small and could be generated easily through
the use of solar cells, the performance index need only include
the damping time which is of prime concern.

Time-optimal control of multidegree-of-freedom systems, such
as the coupled roll-yaw-pitch motions of.a satellite, generally
involves software complexity as the solution of a two-point
boundary-value problem is required. On the other hand, a single-
degree-of-freedom system may lend itself to an analytical
synthesis of the time-optimal switching criterion. This is signifi-
cant since if successful, it not only could be applied to several
situations of practical importance (platform pitch control of a
spinning satellite, e.g., the proposed magnetic-solar hydrid
control system8 or pure pitch control of a gravity gradient system
as in the case of COSMOS-1499) but may also suggest switching
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Fig. 1 Geometry of motion.
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laws that are likely to be efficient in controlling the general
motion.

This Note investigates the problem of controlling the pitch
attitude of satellites in minimum time. The optimal control law
is synthesized which leads to an important relationship between
disturbances, control plate areas and moment arms, and the
corresponding minimum damping times.

Formulation of the Problem
Figure 1 shows an unsymmetrical satellite executing planar

pitch libration \j/, with the center of mass S moving in a circular
orbit about the center of force 0. The governing equation of
motion is well known

\j/" + 3Kf sin \l/cos\l/ = Q^ (1)
The solar pressure controller consists of two highly reflective

plates P! and P2 which are permitted rotations ^ and 62>
respectively, in the orbital plane. The center of pressure of each
plate is taken to lie on the satellite y axis (could be anywhere
on the yz-plane) so as to yield a pure pitch moment. The moment
generated by the controller is6

i - 1,2
i, -forP2)

where the solar parameter is defined as
Q = (2pp0Rp

3/fiIx)Ai st(l - sin2 </> sin2 i)

(2)

(3)
Through a judicious choice of the plate to be operated (P1 or

P2), in accordance with the angle (dt + (), Q^ may be controlled in
sign. The magnitude of the control moment, |Q |̂, varies with
both the angle f and the control variable 5t. Its maximum with
respect to <5; occurs at

dim = tan-^-ftanC + d tan^C + l}1/2] (4)
where the ± signs apply for tan ( ̂  0, respectively. The variation
of |6^|max with £ is shown in Fig. 2a where d = C2 = C is
assumed for convenience. The system is thus able to provide a
value |g^|max = [2/3(3)1/2]C at all times. The governing equation
of motion (1) may now be presented as

\l/" + 3>KiSin\l/cos\l/ = u(9) (5)
_with

e ^ u(9) ^ [2/3(3)1/2]C--[2/3(3)1/2]C-3Kf si

A symmetrical band on the control
\u(0)\ ^ C* = [2/3(3)1/2]'C-|3Xfsin^ecos^e| (6)

is considered here for convenience. Its effect is only to yield a
slightly conservative bound on the control either on the plus or
the minus side depending on the nominal attitude \l/e.

Time-Optimal Synthesis
Using the state variables Xi = \l/,x2 = \l/' and linearizing about

the nominal attitude \l/ — \f/e, the system (5) can be expressed in
the form

where

x —

An admissible control u(0), transferring the system state from
x(0) to x(Q:f) = 0, is easily found to be governed by

(*0/

Jo
= -x(0) (8)

where <E>(0) denotes the state-transition matrix with 90 = 0.
The solution for u(0) bringing the system state to rest in

minimum 9f is well known to be u(0) = ±G*, with the number
of switches depending upon the initial state of the system.10

b)

Fig. 2 a) Variation of \Q^\m.M with £. b) Phase plane portrait of the
system.

Considering initial states that can be driven to rest in a single
switch, the control takes the form

M(0) = 0 ^ 9 < 9S
(9)

where \K^\ = |K2| = C*.
Substitution in Eq. (8) leads to

K ! = n{ - nx^Q) (sin nOf - sin n6s) + x2(0) (cos n6f - cos rc0s)}/A
(lOa)

K2 = n{nx1(0)sin^s + x2(0)(l-cos/^s)}/A (lOb)
where

A = sin (nBf - n9s) - sin nOf + sinrc0s (lOc)
The proper signs of Kx and K2 are best obtained from the

phase plane portrait of the optimally controlled system (Fig. 2b).
The trajectories are circular arcs with centers at x1 = +C*/n2,
x2 = 0 for u = +C*, respectively. The switching boundary is
composed of semicircles passing through the origin. For any
initial state x(0), the system state moves on the switching
boundary for 9S ^ 9 ̂  9f as shown in the figure. It is apparent
that all initial conditions lying within the region ABCDA of the
phase diagram can be driven to the origin with a single switch
of the control. For optimal response, the control u(0) assumes
the value u = — C* if the system state lies above the switching
boundary and u = -f C* if it is below the switching boundary.

Equations (10) may now be solved to obtain the switching
time Os and the final time 9f for a given initial condition. This
yields the open-loop realization of the control in the form
u = u(9). On the other hand, use of the switching boundary yields
the feedback realization u = u(\), which makes the system sell-
correcting to slight deviations of the state vector.

Of particular interest are impulsive disturbances which a
satellite is likely to encounter such as micrometeorite impacts.
The phase portrait immediately yields the maximum impulsive
disturbance from which the satellite can be brought to rest in a
single switch of the control and the error amplitude during the
process as

(0)Ux = 20)1'2 (lla)



AUGUST 1974 ENGINEERING NOTES 603

)}1/2-l (Hb)
where the normalized state variables jq and x2 are defined as

x1(0)=n2xl(0)/C* (He)
x2(6) = nx2(0)/C* (lid)

The variation of the normalized error amplitude with the initial
impulsive disturbance is shown in Fig. 3a. The switching and the
final times obtained by solving Eqs. (10) are also presented as
functions of the impulsive disturbance (Fig. 3b).

System Response and Results
In order to ascertain the applicability of the optimal control

law synthesized from linear theory to the actual nonlinear system,
the response of both the linearized and nonlinear equations
governing the motion was evaluated. The two systems were
subjected to the same disturbance and control.

Figures 4a and 4b show response plots indicating the effect
of the inertia parameter to be negligible for the pitch attitude
nominally along the local vertical. As anticipated, the open-loop
and the feedback response of the linear system are identical. On
the other hand, the open-loop control system is unable to bring
the nonlinear system to rest exactly. The feedback system
accomplishes this, however, the nonlinear system state approach-
ing the origin asymptotically using a number of switches of the
control. In order to avoid any relay chatter, it appears advisable
to use only a single switch for the actual nonlinear system as
well and employ a passive device to damp the small residual
motion in the neighborhood of the origin.

Figures 4c and 4d present the response of a satellite stabilized
in an arbitrary pitch attitude. Note that the gravity torque now
represents a destabilizing effect which the controller must
neutralize in addition to countering the disturbance. The longer
damping time required with a higher value of the inertia para-
meter clearly reflects a greater reduction in the value of C* for
increased Kt.

It appears interesting to estimate the performance of the
controller when applied to an actual satellite. Considering the
proposed Canadian Communications Technology Satellite (CTS)
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Fig. 4 System response to impulsive disturbance.

at synchronous altitude, the value of Q ̂  10 results with At =
2.5 ft2 and ef = 10 ft. When subjected to an extremely severe
impulsive disturbance x2(0) = 0.5, damping times of the order of
20° of the orbit are attained (Fig. 4) which appear promising.

It may be pointed out that the constraint ^ [2/3(3)1/2]C
may attain arepresents the most adverse situation, as

value as large as C during certain orbital positions (Fig. 2a).
The performance of the controller, therefore, would always
exceed the responses presented here (Fig. 4). Furthermore, the
control system does not require any mass expulsion schemes
or active gyros Its semipassive character thus promises an
increased satellite lifespan.
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